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1. Mechanical Work Done by a Constant Force


 


Energy, momentum, and angular momentum are three conserved quantities. ‘Conserved’ means that they remain constant in time, though a system evolves (changes in time). These quantities are important for all fields of physics and for all sciences.





Here, we will consider energy, a scalar quantity. The notion of work is intimately related to energy. 


Work is defined as the product of the magnitude of displacement times the component of the force parallel to the displacement.


�


























� EMBED Equation.2  ���





Let, say, � EMBED Equation.2  ���, � EMBED Equation.2  ���, and � EMBED Equation.2  ���. Then 


� EMBED Equation.2  ���


Units of energy:


� EMBED Equation.2  ���





�Example 1: Horizontal transfer, no friction: 




















Work is 0.














�Example 2: 
































Given: m=70 kg, � EMBED Equation.2  ���, � EMBED Equation.2  ���, � EMBED Equation.2  ���, � EMBED Equation.2  ���. Find work done by each of  the forces.


External force: 


� EMBED Equation.2  ���


Friction force:


� EMBED Equation.2  ���Why the minus sign?


Gravity force: � EMBED Equation.2  ���, does not work.


Normal force: � EMBED Equation.2  ���, does not work.





�Problem: 


























Given: m=150 kg, on a � EMBED Equation.2  ���-incline, � EMBED Equation.2  ���, � EMBED Equation.2  ���up the slope. Acceleration is negligibly small. Find work done by all forces.


Solution:


We have previously found the projection


� EMBED Equation.2  ���, 


correspondingly, � EMBED Equation.2  ���


Because there is no acceleration, the Second Newton’s Law applied to the x direction yields


� EMBED Equation.2  ���





Consequently, 


� EMBED Equation.2  ���





1. Work done be the external force:


� EMBED Equation.2  ���


2. Work done by the friction force:


� EMBED Equation.2  ���


3. Work done by the gravity force:


� EMBED Equation.2  ���








This work can also be written as 


� EMBED Equation.2  ���


�where � EMBED Equation.2  ���is the height difference (the change in the elevation).




















4. Work done by the reaction (normal) force � EMBED Equation.2  ���.





5. The net work done by all forces 


� EMBED Equation.2  ���





Zero � EMBED Equation.2  ��� is not accidental and is due to the fact that 


a=0. From the Second Law it follows that in this case � EMBED Equation.2  ���.








2. Work Done by a Varying Force
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Example: 


Work done by compressing or stretching a spring
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Relation between the restoring (elastic) force � EMBED Equation.2  ��� and the change in length � EMBED Equation.2  ��� is given by an approximate relation, the spring equation (called sometimes ‘Hook’s law’)


� EMBED Equation.2  ���


�where k is spring constant 
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3. Kinetic Energy and Energy-Work Principle


Energy work principle (theorem) describes changes of the velocity of an object in relation to the work of the net force.


We will assume a body compelled by a constant force, that is, uniformly-accelerated motion. In this case, we have obtained


� EMBED Equation.2  ���.


We will reformulate this equation. First, � EMBED Equation.2  ��� is the displacement d. Second, we can express the acceleration a in terms of the net force F using the Second Law, � EMBED Equation.2  ���. Substituting this, we obtain,


� EMBED Equation.2  ���.


But � EMBED Equation.2  ���, i.e. the net work (the work of the net force). With this, we obtain


� EMBED Equation.2  ���.








Finally, after simple algebra, we obtain the energy-work theorem


� EMBED Equation.2  ���.


Here � EMBED Equation.2  ��� is the final speed of the object, � EMBED Equation.2  ��� is the initial speed, and � EMBED Equation.2  ��� is the work of the net force acting on the object. 


The quantity � EMBED Equation.2  ���is called the translational kinetic energy of the object. It is usually denoted as T, sometimes as KE. The energy-work theorem can be summarized as the following:


Change of kinetic energy of a body, which is due to the action of a force, is equal to the net work of this force, or


� EMBED Equation.2  ���





If the directions of the force and displacement coincide, i.e. the work is positive, then � EMBED Equation.2  ���, i.e., the object gains speed. 


If these directions are opposite, then the work is negative and � EMBED Equation.2  ���, i.e. the object slows down.


We have derived the energy-work theorem for a constant force. However, it can be shown that this theorem is valid for any force.





Example 1: Braking of a 1500-kg car. Find the work of the friction force, if the car stops from 100 km/h.





�����





� EMBED Equation.2  ���


We use the energy-work theorem:


Negative work is indicative of slowing down.


Example 2: Braking of a 1500-kg car. Find the work of the friction force, if the car slows down from 150 km/h to 100 km/h.


First, we convert in SI: 100 km/h=28 m/s, 150 km/h= 42 m/s. Again, we use the energy work theorem, 


� EMBED Equation.2  ���.


Discussion: Slowing down by 50 km/h from 150 km/h takes more work than completely stopping from 100 km/h. This is due to quadratic dependence on the speed in the energy-work theorem.


























4. Potential Energy 





While kinetic energy is associated with the motion of a body, another type of energy, potential energy, is associated with the internal configuration or state of the system (a body or bodies). Potential energy is normally denoted as V or U, sometimes as PE. Only changes of potential energy are meaningful.





Precisely, the change of potential energy, when a body changes its state (internal state or its position with respect to surrounding objects) due to the action of a particular force, is equal to the work of an external force causing this change at zero acceleration.


� EMBED Equation.2  ���





�


� EMBED Equation.2  ���











Potential (conservative) force: 


No dependence on the path used to calculate PE.


Example : Gravitational potential energy (no friction)
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We have previously obtained the work of the gravity force


� EMBED Equation.2  ���


where h is the height difference. 


The work of an external force (opposite to the force of gravity) is exactly the negative of this expression, or 


� EMBED Equation.2  ���





The height difference h on the other hand is the change in the y coordinate of the body, and the work of the external force is the change in the potential energy. 


� EMBED Equation.2  ���


Thus, the potential energy of gravity is simply


� EMBED Equation.2  ���


This is the result to remember.


Example: Potential energy of a spring.


We have found that the work of an external force is related to the change of the length of the spring from the equilibrium position, x, as


� EMBED Equation.2  ���.


If we position the origin of the x axis at the neutral position of the spring, then x is also the x coordinate. So, the same expression is valid for the potential energy of the spring (elastic PE):





� EMBED Equation.2  ���


5. Mechanical Energy and Its Conservation





Conservative and non-conservative forces





�The potential energy is associated with only the state of a body, but not with its motion. Hence the forces contributing to PE should also have this property. Some forces do posses this property (gravity, elastic forces, electric forces, ...). Such forces are called conservative (potential) forces. An example of such a force is the gravity force,




















�A signature of a conservative force is that the work is zero, if a system is returned to its original state,














However, some other forces do not have this property. They depend not only on the state of the bodies, but also on velocity. Such forces are called non-conservative. 





�For instance, kinetic-friction force is a non-conservative force, because this force is always opposite to the velocity of a body. The work along any closed path is always negative.






































Separating the forces into conservative and non-conservative, we are separating the corresponding work:


� EMBED Equation.2  ���.


Then we rewrite the energy-work theorem:


� EMBED Equation.2  ���


(Generalized energy-work theorem).





�To remind, to define the potential energy, we used � EMBED Equation.2  ���, the work of an external (test) force. The work of the internal force is exactly opposite to � EMBED Equation.2  ���. To understand this, let us recall our example of a spring,




















The force � EMBED Equation.2  ��� is an external (test) force, introduced only to find the potential energy. When an isolated system is actually evolving, it is compelled by the internal force � EMBED Equation.2  ���. Correspondingly, the work is 


� EMBED Equation.2  ���


Substituting this into the energy work theorem,


� EMBED Equation.2  ���,


we obtain


� EMBED Equation.2  ���


From this we immediately obtain the law of the conservation of energy, 


� EMBED Equation.2  ���





This means that the sum of potential and kinetic energy changes only due to the action of non-conservative forces, such as friction.


In the absence of friction, 


� EMBED Equation.2  ���,


The mechanical energy E is conserved. This law is applicable to any mechanical system without friction.


For one particle:


� EMBED Equation.2  ���


Rearranging the terms, we arrive at the fundamental result to remember,





� EMBED Equation.2  ���





E is mechanical energy (for one particle)


� EMBED Equation.2  ���,


conserved in the absence of non-conservative forces,





� EMBED Equation.2  ���














�
� EMBED Package  ���Double-click to activate the demonstration package (requires Interactive Physics II by Knowledge revolution)�


















�











Example 1: Using conservation of energy, we will determine when a ball will stay on the loop.


�� EMBED Word.Picture.6  ���


Solution: From the conservation of energy, we can find the velocity at the highest point of the loop, 


� EMBED Equation.2  ���   or   � EMBED Equation.2  ���.





�Let us consider the condition of looping (going in a circle of radius r).




















In this case, the gravity force is the centripetal force, i.e.,


� EMBED Equation.2  ���   or    � EMBED Equation.2  ���.


Now we equate the two expressions for the velocity and we will find the minimum height that is sufficient to sustain the looping, 


� EMBED Equation.2  ���   or  � EMBED Equation.2  ���.





Example 2: Given the pendulum of the length a=1.5m at angle � EMBED Equation.2  ��� to the vertical, at rest. Using conservation of energy, find the speed of the bob at the lowest point.


� EMBED Word.Picture.6  ���


Solution: The initial  potential energy of the bob is due to gravity


� EMBED Equation.2  ���The initial KE=0. 


The final PE is zero due to the choice of the coordinate origin.


�Equating the initial and final energies, we get


� EMBED Equation.2  ���





� EMBED Word.Picture.6  ���





Example 3: 


���





A 1500-kg car falls from the height h=1 m starting from rest and hits the ground with four wheels. Find whether 40-cm compressible length of the springs is sufficient to absorb the shock. It is known that the springs compress by � EMBED Equation.2  ��� when the car is loaded with a 100-kg load. 


Solution: 


First, we will find the stiffness (spring constant) of the springs (the four of them act as one), and then we will use the energy conservation law to find the answer. 


Finding the stiffness:


� EMBED Equation.2  ��� 








�Now we know k, and we will find the compression of the springs due to the impact, � EMBED Equation.2  ���. The energy conservation law has the form


� EMBED Equation.2  ���,


where M is the car’s mass.














From this we determine the compression length of the springs required to absorb the shock, 





� EMBED Equation.2  ���





Conclusion: This length exceeds the compressible length of car’s springs. The suspension will bottom, and the car’s frame may be damaged.
































6. Energy Conservation. Power


Energy can exist in different forms:
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The total energy is neither increased nor decreased in any process. Energy can be transformed from one form to another and transferred from one system to another. In any processes, the total amount of energy remains constant.


Power is the rate at which work is done and energy is transformed.


� EMBED Equation.2  ���





Units of power


� EMBED Equation.2  ���








Example 1: A 1500-kg car is traveling at 65 mph on a level road. After the driver releases the gas pedal, the car slows down to 60 mph in 2.6 s. Find the engine power that is needed to sustain the car’s motion at 65 mph.





We know


� EMBED Equation.2  ���.





We can immediately find the work (due to friction) that slows down the car,


� EMBED Equation.2  ���


When the car is traveling at a constant speed, the work done by the engine exactly compensates the work done by the friction, so the engine does the opposite work


� EMBED Equation.2  ���








Because this work is done during 2.6 s, we can calculate the engine power:


� EMBED Equation.2  ���








Example 2: The same car as in Example 1 is traveling at 65 mph up an 8 degree grade. Find the engine power that is needed to sustain the car’s motion at 65 mph.


The work that the engine should do is the same as in Example 1 plus the work against the gravity, which is � EMBED Equation.2  ���. Dividing this work by the time interval during which this work is done, we obtain the additional power required,


� EMBED Equation.2  ���, 


where v is the car’s speed. Substituting the numerical values, we get 


� EMBED Equation.2  ���





The total power that the engine will have to deliver is


� EMBED Equation.2  ���


All available power may be needed at this grade.


Example 3: Certain ammunition round contains 5 g of charge. When combusted, 1 kg of such charge releases 225 kJ of energy (as heat). Find the maximum speed that a 9-g bullet fired from such a weapon may have.


The maximum velocity of the bullet is limited by amount of the energy released by the 5-g charge, which is 


� EMBED Equation.2  ���


Equating this energy to the kinetic energy of the bullet, we obtain for this maximum velocity,


� EMBED Equation.2  ���


However, practically the velocity will be less because the bullet does not take all the heat energy that is released, and the friction will also cause some losses.


Force � EMBED Equation.2  ���





� EMBED Equation.2  ���





Displacement


� EMBED Equation.2  ���





Component of force � EMBED Equation.2  ���





� EMBED Equation.2  ���





Force � EMBED Equation.2  ���





Displacement


� EMBED Equation.2  ���





External force � EMBED Equation.2  ���





Normal force � EMBED Equation.2  ���





Gravity force � EMBED Equation.2  ���





Friction force � EMBED Equation.2  ���





Displacement 


� EMBED Equation.2  ���





� EMBED Equation.2  ���





y





� EMBED Equation.2  ���





x





� EMBED Equation.2  ���





� EMBED Equation.2  ���








� EMBED Equation.2  ���








� EMBED Equation.2  ���








� EMBED Equation.2  ���





� EMBED Equation.2  ���








y





� EMBED Equation.2  ���





� EMBED Equation.2  ���





x





� EMBED Equation.2  ���








� EMBED Equation.2  ���








� EMBED Equation.2  ���





� EMBED Equation.2  ���





The work done by a varying force is approximately calculated as sum of the areas of all the inscribed rectangles








The work done by a varying force is exactly calculated as the area under the curve of F versus distance d.








� EMBED Equation.2  ���





� EMBED Equation.2  ���





Displacement x





Restoring force F





External force F





F





x





� EMBED Equation.2  ���





Displacement





Force





B





A





y





� EMBED Equation.2  ���





� EMBED Equation.2  ���





� EMBED Equation.2  ���








� EMBED Equation.2  ���








� EMBED Equation.2  ���





� EMBED Equation.2  ���








� EMBED Equation.2  ���








B





A





For all four trajectories from A to B, the work is the same, 


� EMBED Equation.2  ���





h





A, B





Displacement





Friction force





Displacement x





Internal force F





External force � EMBED Equation.2  ���





� EMBED Equation.2  ���





� EMBED Equation.2  ���





2r





y





� EMBED Equation.2  ���





� EMBED Equation.2  ���





The ball will begin to fall down when � EMBED Equation.2  ���.





100 kg





0.01 m





Potential energy at the beginning





Potential energy at the end (when the wheels hit the ground) 





Mechanical energy
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Electromagnetic
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Gravitation
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Thermal energy (Heat)











