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1. Projectile Motion



Projectile is an object in a motion close to the Earth’s surface. It is affected by the free-fall acceleration, otherwise its motion is free. Air resistance is ignored.

Horizontal and vertical motions of a projectile occur independently.



Motion of a projectile is completely determined by the initial conditions:



� EMBED Equation.2  ���
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�Trajectory and velocities of a projectile
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� EMBED Package  ���Double-click the icon to activate Interactive Physics II by  Knowledge Revolution
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�Kinematic equations for uniformly accelerated motion in two dimensions



� EMBED Equation.2  ���

� EMBED Equation.2  ���

� EMBED Equation.2  ���





















�For a projectile � EMBED Equation.2  ���. �������For the y-axis upward, � EMBED Equation.2  ���.  In this case from Eqs.(1)-(3), we obtain





� EMBED Equation.2  ���

� EMBED Equation.2  ���

� EMBED Equation.2  ���



For the y-axis downward, � EMBED Equation.2  ���.  In this case in Eqs.(1)-(3) change � EMBED Equation.2  ��� .







From these equations we see that motion of a projectile occurs independently in x and y directions. Moreover, in the y direction, there is a superposition of two independent motions, one with the uniform initial velocity, and the second with uniform acceleration from zero.

All this brings us to a non-trivial question: How to kill a monkey?


�
Without air resistance: � EMBED Package  ���Double-click to activate the demonstration packages. Interactive Physics II by Knowledge Revolution should be installed.

With air resistance:� EMBED Package  ���


�


�



Some useful formulas

If we know initial velocity, we can calculate a series of quantities.



1. Maximum height of flight h

At the apex of the trajectory, � EMBED Equation.2  ���

Substituting this into Eq.(3), we obtain

� EMBED Equation.2  ���.



�From this, we find the maximum height of flight 



� EMBED Equation.2  ���



2. Time of flight 

Using Eq. (1), we find the time of flight � EMBED Equation.2  ���to the highest point (the apex) exactly as above, equating � EMBED Equation.2  ���.  This gives

�

� EMBED Equation.2  ���





Formulas for the case if both the initial and final positions are at the same vertical level



3. Time of travel (until the return to the ground)

�Time of travel � EMBED Equation.2  ��� can be found from Eq.(3) by equating � EMBED Equation.2  ��� (we choose � EMBED Equation.2  ���),

� EMBED Equation.2  ���

�From this we find

� EMBED Equation.2  ���

exactly two times the time to the apex (why?)

The horizontal range of a projectile



Th�e horizontal range is a distance that projectile travels before returning to the original height (say, hitting the ground). To find it, we will exploit Eq.(6), substituting it into Eq.(2) for the motion in x-direction. This gives

� EMBED Equation.2  ���



The maximum horizontal range of a projectile



This may be found from Eq.(7), if we resolve the initial velocity into components in terms of the projection angle,

� EMBED Equation.2  ���.

We substitute this into Eq.(7) and obtain

� EMBED Equation.2  ���

Now we use the trigonometric formula

�� EMBED Equation.2  ��� Substituting it, we finally obtain the range in terms of the initial speed and angle,

� EMBED Equation.2  ���

�The maximum range can be obtained from Eq.(8), if we notice that the maximum value of sin is 1 and it is reached for the angle of 90 degrees. Thus, � EMBED Equation.2  ��� and � EMBED Equation.2  ���. Finally, 



� EMBED Equation.2  ���

The projection angle (i.e., the angle between the velocity and the ground) of 45 degrees yields the maximum range.









Example of trajectories (no friction)

� EMBED Word.Picture.6  ���



Example of trajectories (with friction)

� EMBED Word.Picture.6  ���




�
� EMBED Package  ���

Double-click for package in Mathematica
�


Table of formulas for projectile motion ( y axis up):

� EMBED Equation.2  ���

� EMBED Equation.2  ���

�� EMBED Equation.2  ���

Initial and final points are at the same level:

� EMBED Equation.2  ���

� EMBED Equation.2  ���

� EMBED Equation.2  ���

� EMBED Equation.2  ���

� EMBED Equation.2  ���

� EMBED Equation.2  ���



Example 1: A football is kicked at an angle of � EMBED Equation.2  ��� with a velocity � EMBED Equation.2  ���. 

Find: 

	(a) the maximum height,

	(b) the time of flight before it hits the ground,

	(c) how far away its hits the ground,

	(c) the velocity vector at the maximum height, and

	(e) the acceleration vector at the maximum height.



Analysis: 

We know: � EMBED Equation.2  ��� and � EMBED Equation.2  ���. We can immediately find 

� EMBED Equation.2  ���

��

We have to find: � EMBED Equation.2  ���





Solution:

�	(a)  To find the maximum height we are using Eq.(4),

� EMBED Equation.2  ���

�	(b) To find the time of travel, Eq.(6) is applicable, 

� EMBED Equation.2  ���

�	(c) To find how far the football flies, i.e., the horizontal range, we can use either Eq.(7), or Eq.(8),

� EMBED Equation.2  ���

	(d) At the maximum height, the y-component of velocity vanishes, but the horizontal component is constant along the trajectory. Consequently, it still is  19.2 m/s.



	(e) The acceleration vector at the maximum height is the same as in any other point of the trajectory and equal to 9.80 � EMBED Equation.2  ���downward. 





























� EMBED Word.Picture.6  ���

Example 2: A rock is thrown horizontally from a 200 m cliff. It strikes the ground 90.0 m from the base of the cliff.



Find: 

	(a) the time of flight before it hit the ground and

	(b) at what speed it was thrown

	



Analysis: 

We know: the height h=
200
 m
 

the initial vertical velocity � EMBED Equation.2  ���,

and the distance of flight l=90 m 

(Attention: this is not the horizontal range as in the previous problem, because the starting and landing points are at different levels!)



Solution: 


The time of flight can
 be found from 
Eq.(2). Directing the y-axis downward, and choosing the initial coordinates as zero, we get

� EMBED Equation.2  ���.

Substituting the values, we obtain

�� EMBED Equation.2  
�
�
�

This part of the problem is exactly as for free fall (the horizontal motion does not effect the vertical motion).





	(b) Now we are in position to find the initial horizontal speed. From Eq.(3) we obtain

� EMBED Equation.2  ���. Finally, we substitute values and obtain

� EMBED Equation.2  
�
�
�

A more challenging problem: A soccer player heads a ball and launches it at a height of 2.0 m at 45O to horizontal. What initial speed is required to make the ball travel in the air 3.0 m horizontal distance before it hits the field?

��



Solution: We know the horizontal distance x=3.0, the maximum height of the trajectory h=2.0 m, and the launch angle � EMBED Equation.2  ���. We can immediately calculate the components of the initial velocity,

� EMBED Equation.2  ���.



We will use Eqs.(2)

� EMBED Equation.2  ���

From the first of these equations, we immediately find the time of flight, � EMBED Equation.2  ���. Substituting it into the second equation, we get (the final height is zero):

� EMBED Equation.2  ���.

Now, we substitute components of the velocity and obtain

�� EMBED Equation.2  ���.

Solving this equation for v0, we obtain

� EMBED Equation.2  ���

The numerical value is obtained by substitution of the known initial data.


�
� EMBED Package  ���Double-click to activate the demonstration package. Interactive Physics II by Knowledge Revolution should be installed.
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� EMBED Equation.2  ���



� EMBED Equation.2  ���



� EMBED Equation.2  ���





� EMBED Equation.2  ���



� EMBED Equation.2  ���



� EMBED Equation.2  ���



� EMBED Equation.2  ���



� EMBED Equation.2  ���



� EMBED Equation.2  ���



� EMBED Equation.2  ���
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Velocity and acceleration at maximum height



2 m



Distance, 3 m










