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The contributions of inter-valence band (IVB) transitions to the dielectric function (DF) by free
holes among the split-off (so), light-hole (lh) and heavy-hole (hh) bands were investigated. A
model was developed to determine the DF of two p-type semiconductors, GaAs and Ge;_,Sn,
with the Zinc-blend and Diamond crystal structures, respectively. The IVB transitions dominate
the spectral range between 0.1-1eV with respect to the spin-orbit splittings between so-hh and
lh-hh bands. In conjunction with inter-band transitions, free-carrier and lattice absorption, a
complete DF model allows the determination of optical constants with improved accuracy in the
spectral range covering both ultraviolet and infrared regions. The model should be applicable to
most of the group III-V and IV materials since their valence band structures resemble the ones
under investigation. © 2011 American Institute of Physics. [doi:10.1063/1.3590138]

. INTRODUCTION

The optical response of semiconductors can be de-
scribed by the dielectric function (DF) which is determined
in terms of various optical processes, such as band-to-band
(BB) transitions, photon-phonon interactions (lattice absorp-
tion), intra-band and inter-valence band (IVB) transitions in
the presence of free holes. For BB transitions, critical points
(CPs) are known to play an important role in the DF' as the
associated joint density of states (JDOS) exhibits strong var-
iations with photon energies in the vicinity of CPs. The ana-
lytical form of the DF can be deduced in terms of singularity
types according to the behavior of JDOS expanded into poly-
nomial k terms around CPs. The resulting DF is known as
the Adachi’s model dielectric function (MDF).! In addition,
Elliott® presented a theory considering the electron-hole
Coulomb interactions under the approximation of isotropic
parabolic bands. The DF model® is thus, derived with the
absorption of Wannier excitons which includes discrete exci-
tonic lines below the bandgap and a continuum of absorption
above the bandgap. Both models have successfully presented
the DF in a variety of materials.'* However, only inter-band
transitions [referred as Band to Band (BB) transitions
below], i.e., from the valence bands (VBs) to the conduction
band (CB), are considered to account the DF measured on
intrinsic materials. In the presence of free holes, two effects,
1.e., intra-band indirect [referred as free carrier (FC) below]
and IVB direct transitions, contribute to the DF. The DF
modeling of FC absorption based on the classic Drude
theory® has been employed for doped materials in previous
works®™® showing good agreement with experiments,
whereas, IVB modeling receives less attention.

In a semiconductor where free holes are present, [VB tran-
sitions can occur among the split-off (so), light-hole (lh) and
heavy-hole (hh) bands each with two-fold spin degeneracy.
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Each pair of transitions produces a characteristic absorption
peak, leading to three separate peaks as observed in lightly
doped samples.'® Recently, highly p-doped semiconductors
have attracted attention for optical studies on the absorption
properties'''* and the infrared DF'? as well as applications
to hetero-junction internal photoemission detectors.'*™'® As
both IVB and FC absorption depend on the concentration of
free holes, total absorption coefficient («) of heavily doped
materials can be higher than that based on BB transitions in
the same spectral region, e.g., the HgCdTe ternary alloy.'’
As far as the absorption properties is concerned, highly p-
doped semiconductors would be attractive for several appli-
cations. For instance, recent works'>!'® as demonstrated in
internal photoemission type detectors'* have shown infrared
detection capability from the short-wave'> (1-3 um) to the
long-wave'® infrared (8—14 um) range at high operating tem-
peratures (up to 330K). Therefore, a model dealing with the
IVB transitions will be of interest for practical applications
as well as for fundamental research, since the doping scheme
is essential for semiconductor structures. Furthermore, accu-
rate simulation and design of structures need proper handling
of doping effects including the IVB transitions for calculat-
ing optical constants.

A straightforward approach regarding IVB absorption is
to start from band-structure calculations.'®'? Under the
framework of k - p perturbation theory, Kane'® presented a
three-band model and calculated absorption spectra for
p-type Ge and Si. A more accurate handling of the VB struc-
ture was performed by Arthur er al.'® with an 18 x 18 k- p
treatment. Since transitions between energy states near the I"
point are primarily responsible for optical absorption, a
proper approximation to the VB around I" point, as opposed
to complete presentation in the entire BZ, should be suffi-
cient, which brings about the parabolic-band approximation.
This feasibility was illuminated in Kahn’s work. 2’ However,
Kahn’s formula was deduced with the Boltzmann statistics
and no line-shape broadening was considered, which is the
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case for lower doped samples. The presence of dopants
enhances carrier scattering probability, resulting in a relaxa-
tion of the selection rule and hence the line-shape broaden-
ing.?! For the DF model being able to be applicable to high
doping levels, these factors need to be addressed.

In this work, a DF model for IVB transitions was
deduced with analytical expressions under the parabolic-band
approximation. In addition to Kahn’s works,® Huberman er
al'' calculated the lh-hh absorption to interpret their meas-
urements on highly p-doped GaAs. Songprakob et al.'* calcu-
lated the optical matrix element based on analytical
expressions deduced by Kane'® and incorporated the Lorent-
zian oscillator-type broadening. D’Costa et al.'* used two or
three Gaussian oscillators to fit to their measured spectra
depending on the number of observed peaks. All these studies
concentrate on the highly doped cases (>10""cm™3). This
work starts from the exact expression®® of the DF imaginary
component (&) by applying parabolic-band approximation.
The deduced DF is able to fit to different materials with var-
ied doping concentrations from low values (e.g., 10'%cm™)
up to 10®cm™3. In contrast to reported absorption spec-
tra,'""'? the current model gives the complex DF of p-type
GaAs which will be useful for device design. A strength con-
stant empirically involves the momentum matrix element and
results from the fitting to experiments. The line-shape broad-
ening is introduced using the method similar to that of BB
transitions.” The discussing IVB model completes the com-
plex DF with other contributions from BB transitions, FC and
lattice absorption, resulting in the fitting for a wide range of
photon energies, namely, 0.01-6eV in this work. The DF of
two representative p-type semiconductors, GaAs and
Ge;_,Sn, with the Zinc-blend and Diamond types of crystal
structures, respectively, was determined. The Ge(_,Sn,
grown on Si substrate was recently reported by D’Costa et
al.,"* showing promising applications in optical communica-
tions combined with the capability of electronic circuits on
the Si platform. The DF model can be used to determine
related optical constants, e.g., the index of refraction, for
various doping concentrations and is thus, desirable for
such applications. The model will be expected to be appli-
cable to most of the group III-V and IV semiconductors,
such as InP which has a similar band structure to the GaAs
but having a smaller spin-orbit splitting energy, i.e.,
Ao(InP) = 0.108 eV.*

Il. THEORETICAL MODELS

As the real (¢1) and imaginary (&) components of the
DF are connected by the Kramers-Kronig (KK) relations, the
calculation of & needs to consider optical processes in
the entire spectral range to accurately determine the ¢;. The
DF model including BB transitions above the bandgap and
IVB transitions, FC and lattice absorption below the bandgap
will be addressed in this Section.

A. Analytical DF model for IVB transitions

The contribution of optical transitions to the imaginary
component of the DF can be expressed by**
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&2(E) = nzs sz2 ZJ
S[E;(k) — Ei(k) — E)|(fi — f)) (1

where E is the photon energy, 7 is the Planck constant, e and
my are the charge and mass of a free electron, & is the vacuum
permittivity, k is the wave vector at which hole transitions are
occurring, ¢ is a unit vector in the direction of the optical elec-
tric field, p;; is the momentum matrix element, the J function
denotes energy conservation involved, Ey; (k) is the energy of
states for band i(j), and f;;) is the hole Fermi-Dirac (FD) distri-
bution function representing occupation probability. A factor
of two due to two-fold spin degeneracy is not explicitly
included. Therefore, i and j represent the indices of energy
states with different spin states distinguished for one band.

The momentum matrix element depends on the polariza-
tion of the optical electromagnetic field. In a bulk material,
photons interact with electrons with k pointing all kinds of
directions. The resulting matrix element should be averaged
with respect to the solid angle dQ given by

ziiJA
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e py]

i[2dQ = P2Fy(k) 2)

P, is defined as the matrix element of the momentum opera-
tor between the s-like (|s)) and p-like wave functions (|x), |y)
and |z)), and associated with energy parameter Ep. Fi(k) is a
dimensionless quantity. The ¢ function in Eq. (1) can be inte-
grated out, resulting in a two-dimensional (2D) integration
over a constant-energy surface. For each IVB transitions,
only F; is related to the energy states as associated bands are
in two-fold spin degeneracy. As such, total IVB contribu-
tions can be expressed as

&(E) = & (E) + & (E) + & (E) 3)

where the terms in order correspond to the lh-hh, so-hh and
so-lh transitions, respectively, with the form

Co das;
”E:—ﬁ———&
2B =Y ver)

b (k) (fa — 1) “)
in which Cy = I?e*Ep/(16m%eomp) and indices a(bh) = 1, 2
and 3 denote the hh, lh and so bands, respectively. The
choice for the combinations of a and b has been shown in
Eq. (3). dS; is the elemental area on the constant-energy sur-
face, and V E(k) is the gradient of transition energy.
The Fermi-Dirac distribution function for holes f; ) is only
determined by the energy with the expression f, )

-1
{1 + exp (ﬂ)] , where Eis the energy of the hole

quasi-Fermi level. Notice that k is determined in terms of
E,(k) — E,(k) = E. For one k value, there are two degener-
ated energy states in each bands. F,,(k) is thus, defined as
the summation ), ; F;;(k) with i and j the energy-state indi-
ces. As for one transition from band «a to band b, contribu-
tions from four transitions are summed to calculate the F ;.
To deduce analytical form of Eq. (4), approximation to
Fu(k) is required. To view the variation of F,, with the
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wave vector k, the k - p method based on an 8 x 8 Hamilto-
nian reported by Bahder** was used to compute F;, as shown
in Fig. 1. Around the T" point (k = 0), F,(k) is approxi-
mately proportional to k% which is the similar result of
isotropic parabolic-band approximation used by Kahn.?°
Assuming F (k) = B,,k* and the parabolic-band structure
E.(k) = —E, — I*k*/2m*, where B, is a constant parame-
ter, E49 is the band-edge energy and m, is the effective mass,
Eq. (4) becomes

3
|E — (Epo — Eq0)?
2

P
3
(kgT)2

[exp(é—a) _CXP(ki_];")} e Q)

Here, p is the hole concentration. A, and C%5, have the fol-
lowing expressions,

83’) (E) = Aah

N

(6)

16CoB ( mimy )
ab

=R 1wy ) Iy — i

cob exp{—[E; + kBTln([%)]/kBT}
{1+ expl(Eq — Er) [ksTIH1 + expl(E, — Er) /s T}

@)

with N, the sum of hh and lh effective densit; of states calcu-
lated by N, = 2(I<BT/271732)3/2(nﬁ}/2 + m?/ ). For low dop-
ing concentrations, Ey lies above the VB top, yielding
C%’) ~ 1, which is the case of applying the Boltzmann statis-
tics.”® Notice that constant m* used in parabolic-band
approximation gives fixed values of A,,. Whereas, the non-
parabolicity as in the actual VBs off the I" point causes var-
ied m* and hence A,,. At wave vectors where hole
transitions will see the parallel bands, A,, can be signifi-
cantly increased.

As shown in Fig. 1(d), F|, has a maximum value. At
high photon energies (large k), F', is reduced as k increases.

Fab

0 0.05 l 0.1 0.15
k 2r/a)

FIG. 1. (Color online) The variation of calculated F,, by the 8 x 8 k - p
method with the magnitude of wave vectors. F;, is a dimensionless quantity
proportional to the squared momentum matrix element. A cutoff energy pa-
rameter A, is defined for the lh-hh transition to apply the parabolic-band
approximation. The subscripts 12, 13 and 23 represent the lh-hh, so-hh and
so-1h transitions, respectively.
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In parabolic band approximation, such behavior is consid-
ered by setting a cutoff energy A, for the lh-hh transition
above which the F, is set to zero. In terms of fitting results
(see Fig. 3), the A, corresponds to k values greater than the
maxima in Fig. 1(d). To be able to compare with the experi-
ment, the unbroadening DF [Eq. (5)] is convoluted with a
line-shape function® as below,

400
#mwzj dE' & (E')[Ly(E'\E) — Lap(—E',E)]  (8)
0

in which L, is a broadening function with the Lorentzian
line shape,

1 Fab
Lp(E E)=——"%2 )
ah( ) = (E _ E/)2 + ng
where I'y, is a broadening constant.
In addition to the Lorentzian function, Gaussian'>? and

Sech?® functions have been also used as the broadening line
shapes according to the underneath mechanisms. It was
believed that crystal strain and impurities cause the Gaussian
broadening,'**> while the radiative lifetime broadening and
thermal effects have the Lorentzian nature. However, a criti-
cal difference from one to one is not evident. For instance,
the Lorentzian broadening was successfully applied for IVB
transitions.'""'? The actual situation could be a mixing effect
in one experiment, e.g., impurities, thermal effects etc.,
which obscures the difference. In our case, a Lorentzian line-
shape function [Eq. (9)] was applied to p-type GaAs by fol-
lowing previous works on highly doped GaAs.'''? For
Ge;_,Sn, on Si substrates, the presence of a tensile strain of
0.15% in the film results in best fit with a Gaussian line,13
which indicates the following broadening function,

—— cal. (DF model) |

02 6 10 14 2 6 10 14 2 6 10 14
Wavelength (um) Wavelength (um) Wavelength (um)

FIG. 2. (Color online) The comparison of experimental and calculated spec-
tra for p-GaAs. In (a), theoretical values of absorption coefficient («) are
compared with the measurement taken from Ref. 32. All other curves are in
terms of the absorption (A) and reflection (R). The doping concentrations of
samples in (a)—(f) are 2.7 x 107, 3.0 x 10'8, 4.7 x 10'8, 7.1 x 10'8,
6.6 x 101, 1.1 x 10*°cm 3, respectively, where the data of samples (e) and
(f) are taken from Ref. 12.
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FIG. 3. (Color online) The Fitting parameters for calculating IVB contribu-
tions to the DF. A, and A, are the cutoff and strength parameters, respec-
tively, for the Ih-hh transition. The fitting process is described in the text. An
additional sample of p-type Geg.og Sng g, doped at 1.68 x 10cm~3 which is
not shown in Fig. 5, is adopted from Ref. 13.

(E - EI)Z]

2
20,
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A

where g, is a Gaussian broadening parameter.

(10)

B. The contributions of BB transitions to the DF

The BB transitions take place at photon energies greater
than the bandgap and influence the DF in the region below
the bandgap via the KK relations. The absorption lines
around the CPs are usually affected by the electron-hole
Coulomb attraction which results in discrete excitonic lines
below the CP edge. For high temperatures (e.g., room tem-
peratures) or in intentionally doped semiconductors, the
excitonic effects can be strongly damped leaving the Cou-
lomb enhancement effects on the BB transitions, which is
known as the band-to-band Coulomb enhancement (BBCE)
effects.* Elliott” and several others®* considered such effects
and are thus, adopted here. In the following, the DF is calcu-
lated by summing contributions from three sets of CPs.
Detailed discussions can be found in Refs. 2—4.

For the E transition, &, is given by3

27AV/Ry | <X 2R,
SZ(E) :T {Z}’ﬁé(E — En’,O)
n=1

) 0(E — Eo) } an
1 — exp[—2n\/Ro/(E — Eo)]

with excitonic energy Effo =Fy— R()/712,3’4 n=1,2,.... Ry
is the effective Rydberg energy, 6 is the Heaviside function.
The broadening will follow the Lorentzian formula Egs. (8)
and (9). For excitonic continuum and discrete lines, broaden-
ing constants are named as I'g and I, respectively, with
the relationship 'y, = T'o —(T'o —I'{y)/n* (Ref. 4). The DF
for the Ey+A,, transition has a similar form with the
replacement A — B, Ey — Eo + Ay,, Ry — Ry, g — Iy, and

Ly — T, 3
For the E transition, ¢, is given by
20, | X 2R, .
0(E) =7 > (- E5)
p=0 (p + 1/2)

0(E — Ey)

+1+exp[—2n\/R1/(E—E1)]} 42

J. Appl. Phys. 109, 103528 (2011)

with E\ = E; —R/(p+4)>>* p=0, 1,.... R, is the 2D
Rydberg energy. For the E; transitions, same broadening for
excitonic continuum and discrete lines was used as I'; (Ref.
4). Also, the DF for the E| + A; transition has a similar form
to Eq. (12) with the replacement C; — C,, E| — E| + Ay,
Ry — Rp,, and I'y — T'y,. The same Rydberg energy will be
used for E; and E| + A, transitions, i.e., Ry = Ra, (Ref. 4).
Notice that the term 1/E? in Egs. (11) and (12) will be inte-
grated during applying the broadening formula (Eq. 8). The
DF calculated here follows the works of Tanguy,’ i.e., Egs.
(1) and (3) of Ref. 3.

The contributions of other higher-lying transitions to the
DF are usually modeled as damped harmonic oscillator terms:*

¢(E) = & (E) + iy (E) = #@z/m (13)

where y; = E/E;, E; is the transition energy, F(j) and y(j)
are the dimensionless strength and damping constant,
respectively.

C. FC and lattice absorption

The interaction of photons with phonons and free car-
riers falls into the far infrared region. The coupling of elec-
tromagnetic waves to the transverse optical (TO) phonon
modes in a polar crystal can be modeled as harmonic oscilla-
tors,” while treatment of FC absorption with the Drude theory”
has resulted in good agreement with experiments.” The result-
ant DF have the following form as reported previously:’

@
#(0) = o ll oo+ i)

where o is the light frequency in wave numbers, ¢y, is the
high-frequency dielectric constant, w), and y are the plasmon
frequency and damping constant, wto and I” are the TO pho-
non frequency and damping constant. S denotes the oscillator
strength expressed by S = & (wig — wkg)/whq = & — &
to which the Lyddane-Sachs-Teller (LST) relationship’
& = 80060%0 / w%o has been applied. & is the static dielectric
constant and wrp is the longitudinal optical (LO) phonon
frequency. For nonpolar semiconductors, such as the group
IV semiconductors, the LO and TO modes have the same
value giving a trivial contribution. For alloyed materials,
e.g., Al,Ga;_,As, simple sums of multiple phonon terms
with different frequency and strength for individual Al-As
and Ga-As bonds can be applied.”

Notice that the frequency in Eq. (14) is defined as the
inverse of wavelength (in cm~!). The plasma frequency and
damping constant are thus expressed by

2
T */ch (15)
E0EcM

Hr = %? (16)

(14)

and
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with m* the effective mass, and (1) the average scattering time
which is related to the damping constant by y = 1/2nc(t). A
factor (27c) is used to convert the unit of s=! to cm~!. The
effective mass is taken as an average of hh and lh masses,12
(m,Bh/2 + mfl{,z)/(mllh/2 + m}?f) In Eq. (16), w represents an
optical estimate of the hole mobility which differs the meas-
ured mobility in Hall measurements by a factor ry,y, as dis-
cussed by Songprakob et al.'? The values of ryy used in
calculations will be described in Sec. III A.

D. The total DF of p-type semiconductors

As required by KK relations being satisfied between the
e and &, & was calculated by summing all contributions
from IVB transitions [Eq. (4) or (5)], BB transitions [Egs. (11),
(12) and (13)], FC and lattice absorption (Eq. 14) and then
introducing the broadening (Eq. 8). The ¢; was then computed
via the KK relationships, i.e.,

_ /
8I(E) = €loo “"E,P de (17)

2 J~+oo E' & ( El)
where P denotes the principal value of the integral. A con-
stant €1, (Ref. 4), which could be other than unity, was used
to account for the vacuum plus contributions from other
higher-lying transitions not considered in the DF.

Each optical processes under consideration have the
individual dominating rang within which major contributions
to the DF are involved. To calculate the IVB DF, the DF in
undoped materials with BB and phonon contribution alone is
firstly determined.

lll. RESULTS AND DISCUSSIONS

Adjustable constants in the DF model (e.g., A, ' for
IVB transitions, A, B, C;, C, and I'y, I',, I'j, I's, for BB
transitions) were determined by comparing resultant model
spectra with the experimental curves. Direct fit can be
applied to the measured DF data. Whereas, infrared measure-
ments with respect to absorption (A), reflection (R) and trans-
mission (T) (A =1 — R — T) are used instead in the situation
where DF data are unavailable.

The calculations of A-R-T spectra generally concerns
specific configuration of a structure consisted of multiple
layers. For the case of thin films on a thick substrate (in the
order of magnitude of 10 um), calculations based on an in-
tensity-transfer-matrix method (ITMM) can be carried out. A
detailed description can be found in Ref. 12. In this method,
the stratified films are dealt with a regular transfer-matrix
method (TMM)27 while multiple reflected beams from the
substrate surfaces are added incoherently to neglect the
phase information.

The analytical DF model was first applied to p-type
GaAs. The undoped GaAs has been studied to a large extent
with the well-measured DF data. After the determination of
fitting parameters for BB transitions, fit to infrared spectra of
p-type GaAs was made using the ITMM. The final DF was
calculated in the spectral range between 0.01-6eV for doping
concentrations up to 10?%cm™3. Thereafter, the model was

J. Appl. Phys. 109, 103528 (2011)

applied to a group IV material, Ge;_,Sn,. All experimental
data are implied to be taken at room temperature.

A. Application of the DF model to p-type GaAs

The main contributions to the DF in undoped GaAs
come from BB transitions and the lattice absorption. Based
on the DF model in Sec. II B and the phonon calculation in
Sec. II C, a fit to the DF data taken from Zollner’s work?® is
shown in the insets of Fig. 4. Table I lists the resulting pa-
rameters. A linear increased broadening constant? with the
doping for the E, transition has been used, which was
obtained by fitting the experimental data of refract index of
p-type GaAs measured by Sell et al.*®

The phonon parameters listed in Table II are taken from
standard database®' and remain fixed for all doped samples.’
Calculations involving both BB and phonon contributions
allow an accurate determination on the refractive index up to
the far infrared region as shown in Fig. 8(a). The efforts in
modeling the DF of undoped GaAs provide a baseline above
which additional features in the presence of free holes
account for IVB contributions.

As no experimental DF data are available for p-type
GaAs, A-R-T measurements are adopted. Three 1 pum-thick
p-type Alpo1GaggoAs epilayers9 grown on 520-um-thick,
double-side polished, semi-insulating GaAs (100) substrates
were employed. The films were doped with Be at 3.0 x 10'8,
4.7 x 10" and 7.1 x 10"8cm—3, respectively. Figure 2 plots
the infrared spectra measured using a Perkin-Elmer system
2000 Fourier Transform InfraRed (FTIR) spectrometer. Also
shown are the data from the works of Braunstein> and Song-
prakob ez al.'* with which a doping range of up to 10%cm 3
can be covered. The Al fraction of 0.01 will cause an
increase of 15 meV in the fundamental band gap.>® Accord-
ing changes in VB-related parameters are small, e.g., the
reduction of Ay less than one meV,23 and can be neglected.

Wavelength (um) Wavelength (um)
105 2 1 20105 2 1
T T 0 H T T
15 il .- phonon | GaAs
E ____‘_-_—;_'_.':.-:;’-'-'-': ----- exF‘ (Ref. 28)
e — cal.
10}/ undoped
H - 1x10'% em™3
...... 1x10'9 em-3
Spi X — 3x10" cm™3 10
_____ 1x 1020 -3
~ 11020 o3 cm 0 unldoped
w 0 [ exp. (Ref. 28) 0 Encr év) 6
— ol gy
-5 1 — undoped
E :; 5 ‘.“ ...... 1x1 018 cm’3
H oo e 1x1 0:3 cm‘;
-10f [ undoped . ?i}gzo 224
i 0 2 4__6
% Energy (eV) 0 I e e
— 1 5 i 1 1 1 1 1 1 1 1
0 0.5 1 1.5 0 0.5 1 1.5
Energy (eV) Energy (eV)

FIG. 4. (Color online) The calculated DF (¢; and &) for p-type GaAs at var-
ious doping concentrations. The phonon absorption induces a strong feature
at the low-energy region. The FC contribution shows a 1/E? behavior. The
IVB transitions are responsible for the region between 0.1-1eV. The insets
show the calculated DF of undoped GaAs in comparison with experimental
data taken from Ref. 28.
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TABLE 1. Material parameters for computing the contributions of BB tran-
sitions to the DF. p denotes the doping concentration (in cm~2). Only the
doping-dependent damping of the E, transition was considered for GaAs.
For Ge and Ge 9gSng o2, constant damping parameters were used.

GaAs Ge Geg.o8Sng 02
A (V') 2.3+0.1 1.0+0.1 1.0+0.1
E, (eV) 1.423% 0.8050.005 0.725°
Ro. Ry, (meV) 3.4° 1.6¢ 1.6°
Iy (meV) 10.4 +3.2p/10'8 8+2 25+5
B (eV!?) 2.6+0.1 2.5+0.1 2.2+0.1
Eo + Ag (eV) 1.764 1.105+0.005 1.03¢
Ty, (meV) 60+5 50+5 90+5
C, (eV?) 64.0+0.5 65.5+0.5 57.0%0.5
E, (eV) 2.96™ 2.12" 2.07
Ry, Ra, (meV) 16%5 5+3 5+3
I’y (meV) 120+10 100+10 130+10
G, (eV?) 37.0+0.5 29.0+0.5 33.0+0.5
Ei + A (eV) 3.19" 234" 2.28
T (meV) 120+10 100+10 130+10
F(E}) 0.60%0.02 0.05%0.02 0.1+0.05
E) (eV) 4.44" 3.14" 3.100
P(Eh) 140+10 150+20 16020
F(E) + Ap) 1.4+0.02 0.60%0.05 0.70+0.05
Ey + Ay (V) 4.63" 3.34" 3.30=0.02
P(Ey + Ay) 140=10 150=20 16020
F>(E,) 1.4+0.02 3.0+0.1 3.1+0.1
E, (eV) 4.90+0.01 4.28+0.01 4.25+0.01
P(Ey) 100+10 140+10 140+10
F(E") 0.50+0.02 1.6+0.1 1.8+0.1
E' (eV) 6.6%0.1 3.75+0.05 3.72+0.05
) 150+10 20020 20020
Eloo 0.74 1.25 1.35

“Reference 34.

Reference 35.

“Calculated by the Eq. (9) of Ref. 25.
YReference 41.

°Same as Ge.

n terms of Ay (GaAs) = 0.341 eV (Ref. 23).
2With AO (Geo_ggsno_oz) =0.30eV (Ref 35)
"Reference 42.

iSee data in Table III of Ref. 34.

JReference 35.

Also previous work in the far infrared region’ has shown
negligible AlAs-like phonon effects, which allows the sam-
ples to be modeled as p-type GaAs.

The FC contribution was calculated with the parameters
of plasma frequency and damping constant [Eq. (14)].

TABLE II. Material parameters for computing the contributions of FC and
phonon absorption to the DF (Eq. 14).

Parameter GaAs Ge.9gSng o2
& 13.18* 16.2°
€00 10.89* 16.2¢
wro(cm™) 268.0% -
Tro(em™) 2.5¢ -

“Reference 31.
Reference 22.
“In terms of the LST relation (see Sec. II C).
9Reference 12.

J. Appl. Phys. 109, 103528 (2011)

Related calculations are the determination of averaged
effective mass (Table III) considering both the hh and lh
bands and the scattering time derived from the mobility>?
[Eq. (16)]. Songprakob et al.'? discussed a Hall factor ryay
elucidating the dichotomy between the optical and electrical
parameters, i.e., f4r = Mgan/THan and PR = FHaiPHall
(Ref. 12). They obtained a value close to unity (1.2 for ¢ and
0.9 for p).12 In this work, ryay is set to one except calcula-
tions (only for the mobility) on the spectra from Songpra-
kob’s work'? where ruan varying between 1.2—1.4 was used.

IVB parameters are determined by fitting the calculated
results to the measured A-R-T spectra of the p-type GaAs
samples. The total DF including the IVB contributions yields
the refractive index and extinction coefficient by which the
values of A and R were calculated using the ITMM. A good
agreement between the theoretical and experimental spectra
was achieved as shown in Fig. 2. Table III and Fig. 3 list the
fitting parameters. As the so-lh transitions are relatively
weak compared with other IVB transitions, the broadening
constant cannot be well determined and was thus, assumed
to the same as the so-hh transition. In view of the results, the
so-hh transition has a larger broadening constant than the lh-
hh transition. The difference is enlarged in highly doped
samples where the line-shape of the lh-hh transition remains
in contrast to the nearly invisible so-hh peak (Fig. 7). As a
result of the shifting deep into the VBs of the Fermi level, A,
slowly increases with the increasing of doping concentra-
tions (Fig. 3). This is reasonable since the energy of transi-
tions occurring around the Fermi surface shifts toward the
higher values. As can be seen in Fig. 3, the strength parame-
ter Ay, for the lh-hh transition increases at the high doping
levels. Assuming doping in the materials without changing
the VB structure (rigid band structure), for p-type GaAs at
room temperature the Fermi level lies below the VB top
when the doping level is greater than 8 x 10'%cm™~3. The re-
sultant effect is a high amount of holes being populated into
the high-energy states. At p = 3 x 10"°cm ™, the k values of
the energy states around the Fermi surface correspond to the
wave vectors at which the 1h and hh bands start to run in par-
allel [see Fig. 1(b)]. The associated transitions thus, produce
a higher value of strength since A, [Eq. (6)] is proportional
to the inverse difference in the hh and lh effective mass.

TABLE III. Fitting parameters for computing the contributions of IVB tran-
sitions to the DF. p denotes the doping concentration (in cm™3). Also see
Fig. 3 for doping dependent parameters.

p-GaAs P-Geo.osSng.o2

A(1073eV2em?) Fig. 3 Fig. 3
T'12/012 (meV) 39.240.15p/10'8 29.7 4+ 0.27p/10'8
A3(107%eViem?) 2.2+0.1 0.7%0.1
I3/013 (meV) 36.0 +1.63p/10'® 24.1 +1.41p/10'®
Ay3(103eV2em?) 10+5 18+5

I3 /0623(meV) 36.0 + 1.63p/10'8 24.1 + 1.41p/10'8
i, (m,) 0.53 0.34°
mjs,(my) 0.08" 0.043°
m,(m,) 0.15* 0.095°

“Reference 5.

PReference 5, same as Ge (Ref. 5).
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FIG. 5. (Color online) The comparison of experimental and calculated DF
(&1 and &) for p-type GepogSngy at various doping concentrations, where
the measured data are taken from Ref. 13. The insets show the calculated DF
of undoped Ge and Geog Sng g, in comparison with experimental data taken
from Refs. 35 and 36. Notice that the contribution from the first phonon
mode for the group IV semiconductors can be neglected.

Based on the fitting parameters, the total DF for a vari-
ety of doping concentrations up to 102°cm = was calculated
as shown in Fig. 4. The FC effects depress down the ¢; in
general. A strong feature at the low-energy side is due to the
phonon absorption. According to the Drude term in Eq. (14),
FC absorption exhibits a 1/E? behavior which can be seen
from the decreasing (or increasing) of the ¢; (or &) with
reducing the photon energies. Both the FC and phonon
absorption have the strong effects on the DF in the far infra-
red region, mostly greater than 10 um. The IVB dominating
range can be viewed approximately from the spin-orbit split-
ting energies, Ay (0.224eV)* and A, (0.341eV)* for GaAs.
The lh-hh transition primarily occurs below Ay, while the so-
hh transition requires a higher photon energy than A,. The
so-lh transition is relatively weak due to the low occupation

Wavelength (um) Wavelength (um)
10 5 2 10 5 2
5 — T 11 — T
p-GaAs D-Geo.0.988n0.02
— 5x10”cm™ — 5x10"”cm™
""" 1x10" em™ == 1%10' em™3
....... 5)(10]801’]'173 8 r 5X1018cm73
~3 ~
m m
2 2
§ § st
1H. 2k
0 L 0 -,
0 02 04 06 08 0 02 04 06 038

Energy (eV) Energy (eV)

FIG. 6. (Color online) The calculated DF (¢,) with IVB contributions alone
for p-type GaAs and Ge g Sny o, at different doping concentrations.
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of the holes in the lh band. Therefore, the main region of
IVB transitions is between 0.1-1.0 eV. The effects of IVB
transitions on the variation of absorption and refractive
index with the doping concentrations will be discussed in
Sec. III C.

B. Application of the DF model to p-type Ge;_,Sn,

The investigation of optical properties on heavily doped
p-type Ge_,Sn, was recently reported by D’Costa et al® A
direct measurement on the DF was performed using the
infrared spectroscopic ellipsometry (SE). This material sys-
tems would be of interest in optical communication field as a
reduction in bandgap of Ge can be achieved by increasing
the Sn fraction. Additional advantages are the capability of
growth on the Si substrate, which is favorable for realizing
the monolithic OptoElectronic Integrated Circuit (OEIC).
The investigation of the optical constants will favor such
applications.

The DF model presented in Sec. II A is expected to be
applicable to p-type Ge|_,Sn, as its band structure (diamond
type) resembles the one of GaAs (Zinc-blende type). The dif-
ference is the lack of inversion symmetry in the Zinc-blende
semiconductors as compared with the diamond structures,
which gives nonzero linear k terms in the E-k relationship
when expanded into polynomial k terms around the VB top.
This causes the maxima of the hh band slightly off the I
point along the (111) direction. However, such a difference
in band structure is indistinguishable in optical properties
under investigation.

Using a similar procedure in the case of p-type GaAs, the
DF parameters for BB transitions were firstly determined by
fitting the experimental spectra of undoped materials taken
from D’Costa’s measurements.”> Also a fit to undoped Ge
using Aspnes’s data®® was carried out for comparison. Then
IVB contributions were added to the model for p-type sam-
ples.'® The resultant spectra are shown in Fig. 5. Table I, III
and Fig. 3 summarize the fitting parameters. Notice that a
fixed broadening constant for the E transition was used here
for p-type Gepog Sng 2. The related effects cause the flatten-
ing of the E, transition and can be actually neglected when it
comes to the region well below the fundamental bandgap. For
comparison, the DF of two p-type Ge samples was also com-
puted by fitting the absorption spectra taken from the works of
Kaiser and Newman.?'*” The difference in the DF and hence,
the CP parameters between undoped Ge and Geg g Sng gy is
small due to a small Sn fraction, as shown in insets of Fig. 5
and Table I. As can be seen in Fig. 3, the IVB broadening con-
stants for p-type Ge samples follow the pattern of
Geg.9gSng 0o. However, the strength parameter A;, in p-type
Geg.9gSng o2 increases with the doping as opposed to fixed val-
ues in p-type Ge. The reason is similar to the one previously
discussed in the case of p-type GaAs (Sec. III A). An added
effect is related to the presence of tensile strain (~0.15%) in
the film. A strain can produce the warping®® of hh and Ih
bands near the I" point, which makes them almost parallel.
When the doping level is high enough, a higher value of A,
can be resulted in terms of Eq. (6). This could be the reason
for observing higher DF and the absorption coefficient of
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p-type GeoogSng 2 (shown in Figs. 6 and 7, respectively) in
comparison with the same doping level of p-type GaAs.

The variation of the DF with the doping as shown in
Fig. 5 is similar to the p-type GaAs, where the dominating
IVB region is within 0.1-1 eV. The IVB effects will be fur-
ther discussed in the following Section.

C. Effects of IVB transitions

The SE measurement has showed similar spin-orbit
splitting energies of Geo,c)gSno,oz35 to those of GaAs on the
topmost VBs. Therefore, IVB transitions in both materials
dominate the spectral range between 0.1-1.0eV as calculated
by the DF model in Secs. IIl A and III B. The strength of
IVB transitions is related to the concentration of the free
holes and hence in competition with intra-band FC absorp-
tion.'? The IVB contributions and FC absorption can be sep-
arated based on the present model. Figure 6 shows the
calculated DF by IVB transitions alone. As GaAs and
Geg9gSng g, have the similar spin-orbit splittings, the lh-hh
and so-hh transitions cause individual peaks in the energy
range for both materials, i.e., 0.1-0.3 eV and 0.4-0.8 eV,
respectively. The total absorption coefficient is plotted in
Fig. 7 where comparisons to experimental data show a good
agreement. For samples with low doping levels, three peaks
corresponding to the lh-hh, so-hh and so-lh transitions,
respectively, can be identified. With increasing the doping,
high damping occurs for the so-hh transition. The depend-
ence of absorption coefficient on the doping concentrations
exhibits a linear relationship shown in the insets of Fig. 7. As
the absorption range spans a broad spectral region, the
p-doped materials are of interest for infrared detection.''®

For semiconductor device designs, an accurate model
for the refractive index is crucial, e.g., for determining the
optical field distribution in a structure. Stern®® has consid-
ered the doping effects on the refractive index of p-type sam-
ples (for energies near the fundamental bandgap) by
estimating IVB transitions from the limited experimental

103 105
p-GaAs P-Geo9sSno 02
6.6x10" cm~3 6.54x10" cm—3
104 - 3x100 cm3| 104} 7 3x10" em
¥ 1x10' cm™3
m ' 5x10% em3
N 103F 5x10'8 cm™3 103 x om
| 1x10'8 cm-3
‘g’ 4 1 4
S 102 $4><10 F 8:;1“ 102k "FAX]O
g g
O+
o+ 3pum 3
10' + . 10"+
0 100
— Cal. p (1018 cm3) — Cal.
----- Exp. (Ref. 12) e Exp. (Ref. 13)
100 1 1 1 1 100 1 1 1
3 6 9 12 15 3 6 9 12 15
Wavelength (um) Wavelength (um)

FIG. 7. (Color online) Calculated absorption coefficient («) for p-type GaAs
and Ge9gSnp,p at different doping concentrations. Also shown are the data
from Refs. 12 and 13. The insets show the variation of absorption coefficient
with the doping concentrations at 3, 8 and 14 pum.
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absorption data. Nevertheless, the estimation shows IVB
contributions exceed the FC absorption. By using the DF
model, the spectra of refractive index can be easily calcu-
lated as shown in Fig. 8. For the undoped GaAs, a good
agreement between the theoretical and experimental values
was achieved. With the doping, the refractive index is
reduced with a strong reduction at high levels and low pho-
ton energies. Also shown is the data calculated by Huang et
al*® for wavelengths at 1.06, 1.30 and 1.55 um. A strong
reduction when the photon energies shift toward low values
is the result of high absorption either due to IVB transitions
or due to FC absorption. For semiconductor devices, the
operating wavelength could be selected at low absorption
region where the index of refraction has a little change from
the undoped materials. However, several crucial spectral
regions, e.g., the 8—14 um atmospheric window, fall into the
IVB scope in which the refractive index are sensitive to the
doping concentrations. Therefore, a proper consideration

(@
38 = cal. undoped OF
< 34b = § -0.05F
O Ref. 30 -0.1F
I Ref. 30 I - 1x10"
05 1 X RS B I
Energy (eV) Energy (eV)
Wavelength (um)
« 148 5 2 g
5 3.6 | GaAs
el | undoped
= 32F
g I — undoped
-5 I 1x108cm™3 - 2x10" ¢cm™3
g 2.8 93 s 5x108em™ - 4x10" cm™3
q;.:) g 6x10%em= 1x10"%cm™3 == 6x10' cm™
2.4 1 1 1 1 1 1 1 1
~ 0.3 0.6 0.9 1.2 1.5
Energy (eV)
(b) Wavelength (um)
14 8 5 2
T T T T
Geg.08Sny,
42 | undoped Geogs 0.02
=38R
»x
Q
o :
S 34 L — undoped
2 ; wee 5%10% em3
9 6x101° cm=3 * 1x10em™
g 3 ’ - 2x10" em™3
§ === 4x10" em™3
...... 6x10'9¢cm™3
22 i 1 L 1 L 1 L 1 L
0.2 0.4 0.6 0.8 1
Energy (eV)

FIG. 8. (Color online) Calculated index of refraction for GaAs (a) and
Ge.93Snp.2 (b). In the upper left figure of (a), a comparison was made to the
data measured by Sell and Plotnichenko (Ref. 30). The difference in refrac-
tive index between the undoped and doped GaAs is shown in the upper right
figure of panel (a). Also shown is the data from Ref. 40. A strong reduction
in the refractive index in the low-energy region and higher doping samples
is the result of increased absorption due to the FC and IVB processes.
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with the IVB contributions is necessary. The presented DF
model and yielded optical constants will be useful for model-
ing semiconductor structures.

IV. SUMMARY

To summarize, a DF model for IVB transitions has been
deduced with the analytical expressions under the parabolic-
band approximation. The model also incorporated contribu-
tions from BB transitions, FC and lattice absorption, each of
which dominates at different spectral ranges. The total DF
thus, determines related optical constants in the spectral
range from the ultraviolet (UV) to the infrared (IR) region.
The DF of p-type GaAs and Ge;_,Sn, has been determined
by fitting the experimental data, showing dominating IVB
range between 0.1-1eV in accordance with the spin-orbit
splitting energies of the VBs. The fitting to these two materi-
als with different crystal structures shows the DF can be
modeled under the parabolic-band approximation for doping
levels up to 10*°cm~3. The model is also expected to be ap-
plicable to other group III-V and IV semiconductors since
their valence band structures resemble the ones under inves-
tigation. The obtained DF and related optical constants, such
as the absorption coefficient and the index of refraction, are
useful for designing devices, such as p-type GaAs for infra-
red detection as recently demonstrated,'>'® whereas, the
applications of Ge;_,Sn, for optoelectronic devices will
need the optical constants as did in the work.
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