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Useful and useless relations

Explicit Forms of Vector Operations

Let e/, e,, e; be orthogonal unit vectors associated with the coordinate directions specified in the
headings on the left, and A, A,, A5 be the corresponding components of A. Then
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Vector Formulas

AeBxC) =(AxB)eC
AXx(BxC) = Be(AeC) - C e(AeB)

(AxB) e (CxD) = (AeC)-(BeD) - (AeD)-(BeC)

VxV¥ =0

Ve(VxA) =0

Vx(VxA) =V (VeA) - V’A

Ve(¥W-A) = A-V¥ + ¥-(VeA)

V(A e B) = (AeV)B + (BeV)A + A x (VxB) + B x (VxA)
Ve(AxB) = Be(VxA) - Ae(VxB)

Vx(AxB) = A(VeB) - B(VeA) + (BsV)A - (AeV)B
If X is the coordinate of a point with respect to some origin, with magnitude r = |x
a unit radial vector, and f(r) is a well-behaved function of r, then

Vex = 3; VxX =0
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, A =X/ris

Vel[n-f(r) ]| = %-f+ Vx[n-fn] =0

(deV)i-f(r) = @-[a - di(@en) ] + ﬁ(éoﬁ)%
V(aex)= a + X(Vea) + i(Lxa);

1, N -
where L = —(X x 4) is the angular - momentum operator
i

Theorems from Vector Calculus

In the following ®, ¥, and A are well-behaved scalar or vector functions, V is a three-
dimensional volume with volume element ¢>%, S is a closed two-dimensional surface bounding
V, with the area element da and unit outward normal 7 at da.

[[VeAd’i= [[Aefida ( Divergence theorem )
[\Vy d’%= [jyida

[, VxAd’3= [(ixAda

§,(9V2y + Ve Vy)ds= [gpiieVydi ( Green’s first identity )

§,(9V2y + wVZ) d’%= [(¢Vw - wVe)enda ( Green’s theorem )

In the following S is a open surface and C is the contour bounding it, with line element a7 . The
normal 7 to S is defined by the right-hand screw rule in relation to the sense of the line integral
around C.

[,(VxA)eii-di= [ A-di ( Stokes’s theorem )

JixVy)di= |, y-dI



Multipole expansion:

Cartezian coordinates:

¢=Jp(x)d*’

p = [ x'p(x) d®x'

Qij = J(Bajxl, — r%0y) p(x') %X’

P(%) = 75, {q +EE 43T Qs ]
Spherical coordinates:
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Legendre polynomials:

Pw) = 1
Pz) = s

Pa) = 53 -1)
Pia) = (54~ )

1
Py(z) = §(35x4 — 302° + 3)

Expansion in terms of Legendre polynomials:
f (x) = X2 Abi(x)
=25 1, f(a) Pi(w) do

Boundary-value problem with azimuthal symmetry:

o(r,0) = 20 [Airt + B+ D] P(cos §)

A;, B, - from boundary conditions

If V' (#) - potential on the surface of a sphere of radius «a, then for potential inside the sphere:
B, =0

V(0) = 2, AjatPy(cos ), = 2L [TV (0) P(cos 0) sin 0 d
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